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II \ l.,1 1ili11 11t 

Abs trac t 

!11 U1is th esis first of a il " " ' prc" ·11t t h<' hu lo:: r. >rplric i'<1duriz;it i011 fo r­
malism. This l'oi malis m <LLows t o dc·scr ilw gc• rrf'rnl i?.nt ions o f Con ionrh 

a nd osc ill ator models vi a int roducLion of co 11 1p: C'x rnr i:i.bk•s . F irnt o f 
a ll we d iscuss thi s scheme o:: wd l k 11 ow11 1•x ;i m p b ; of T T \,._ . a nri PW 
syst.cms . Then we do t hi s for higher d i1111 •11,io1ral ' "t~cs . WC' do t hr: so 
called osci llato r-Coulomb red uction proccd: :rc 11si 11 g t he ho loawrphic fac­
torization formalism. Moreover we d isc uss nbo cnrvC'd spac;C's nam ely I. he 
spherical and pscudosphc:rical gC' nC'rali7.at i orr~. F ina:ly wr <lc:sc ribc som f' 

examples of superintcgrablc models usil~g th is for m a lis m . 
After this we concent rate o n t.he compicx a 11 a log uC' of t he S morodinsky­

\ ;l/internitz system interact ing wi th an ext c rnal 111ag nctic fie ld . Firs t ly 

we discuss the usua l real N -dimensiona l S::1oro rii 11 sk,1'- \\li1:t c: rni t.7. S\s tem. 
The m ain resu lt we have obta ined for I.he :·c" l cnS<' is t hC' conve:1icn t fm 111 

of the symmetry a lgebra. Then we i11t.:·o<l11 cf' tl1c cornp lcx analog11e o f th is 
system, and write down thC' i l.s hiddc 11 sy 1111 11 (' i ri r.s . WP. also o b t ai n im ­
portant result for this model. namely : hr s.vm 11wt ry a lgebra nml qum 1t1ttn 
solutio11s. Evcntua.lly we c;o111pnt.c t li c s.y11 1111 t•t n · alg<"lira. for t he gc11 c rn l­

izcd :VI JC Z-Kep lcr system 11s in12: 1' ~ " r1's11l: s "" ' Ii .i n · o b ta irrc:d iJC' fo rc' f1Jr 
t he IC2 -S nco rori i11 sky-\Vi:~ t.n 11it z ,;c·s t< '111. 

:VT orco v l' r W t ' i n t rudnn ' th e. · ~ ·u 111 pk' l H <J:< ~ ti , .i.. Cl 11 ,1 luhl H ' u · t lH' I{ UM Jvh <1 t 1 · ; ~ 

syst,c• ; ;~ i r~ an c x; f' r na l nwg11 1 ~ 1 : c fi 1•1' L 111 •11 ,\ ~ ; ; 1 i 1 1 we• "i t ' (' t h..-1 1 :t i;-; SUJH'r ­

in tcgrali ic> , s ince it h as hiddc · 1~ cc11l'ta "ts ,,f 111t• I ion. \\'<' \\T' t f' 11,l\'C' f(1 1111<l 
a lsu its ~~· 11111 1l '. 1 ry a lgcbr;i . <. hi :-:sic; tl ;ind q u ,1nt1 111 1 st ,l•;.t io11:--. \" ;111 w l\' we 

find so l11 1 io ns for 1 li r c li!ss rrn l ' ' fJ l«ll io ns ,,f 111< •: io11 , 11·av1•f11 111· 1 ion' ;-i nd t !1f' 

energy spf'cl n11n. 
Finally \VC furn1nla tc Ll1v ~U JH' IS,\ · 111 11 H ' l :·ic µ.c1 i cr(.1'.izc1t iu 11s of ~:;\

1

- S !: 1urud i11 

skc· -WinLcrni t. 7. and 1CJP>·' ·- H,1),.;orli;ii i11s 11 1ud .. ls Fo r 1l 1is pmpm r W<' !:;w e 

introduced SU(2l l ) supersyrn mc'. riz a1 io11 \\'hie!: a l:uws to cons truc t. ll'<'<tk 
N = 1 supcrexte11s im1s of systc 111s 0 11 K i.i! :lt:r :::" 11i lu lds i11 t.ern ct i11g wi th ;i11 

exte rna l m agne tic. field . We> int,rodl;r r· SU( 2 1)-::-i:; p f'rs.vmr nf' l ri r mechan-
ics. Using this fo rmalism o ::c ca:1 find s 11 pf'rs ,·m111c t ri c mod t:!s o n J{,iJile r 
111a11ifolds us ing (.be fact th<tt a li these sc'sk::: s 1«1n lie v iem ·d a s SU\211) 
Kiih lc r osci ll a t.or w it h <li ffPrt:nt. Kii hlf'r poi ('llt.i :1l s. T hf'11 we· hrcw shown 

Kiihler poten t ia ls which g i\'c ris<' 10 SL''.2 I )-S 11pPrsn n mnric < 'x tc 11 ~ i o:1s 

or IC N -S 11 1orodi11 sky-Vv'i11t.ern it 7. <1 11d C!:"·' '- Husr t(' h i! t i11s S,l 'St.c' lll S . 
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Relevance a nd rnotivation 

Jn tcgrn h ie rnockls n.re cruci;-,,l for modern theoretical D.nd maLhcmn.ti­
cal p hys ics. D11c t.o t.lie f<1cl t.l1<1t di:'·ercllt p!1ysical pheuo111 c11;t c;w have 
s irn ilar m n. t.h0.rnatic:al dr:scrip '. io n . rxac:Lh· solvc1blc models can h e 11s0.d in 
nw.n) diff,•:-c 111 a reas . Orn· ca n sec : hat 11sing these models huge a m ount 
uf ( JiutJ1 11111croscop ic all<i ::>icni;;co ;Jic) physical phe11omcua can b e de­
srri lwd . \lorr•nvc•r i1 it cgrnhir· rn.0dr.l s cn.n J1 ;wr: n.pplicatiom; r.vcn in other 
di scipli11cs. d 111· lo l!w !':wt Llwt o>·s :c·rn of integrable differential equa­
tions ;1ris<' :11 <11.11< ·:· s 1il1j<·c t s ('. !£. l11 <1 t l1e111alit:s, computer sc ience, biology 
etc. Thr : lirsis is rkvot 1·d t o s: ~pNi11 t rg1nb l r rxt.crrn ions ofoscillat.o r and 
Coulomb 111orit•l s wi ! Ji a11 i1: , ·r•1 s• · sq11<1 n· po t <'nliaL Integrable mod els w ith 

inverse sc.;11an.' potential <1n' s: 11dicd l'or !<•w decade:; . Due to this fact they 
arr' w!'ll sl11d ir•d 8JHI llw:i· ;i:r· 111;111.' · i1n po1L;t11 L r!'s11lt.s n.bout. Ll1<'S<' sys­

tem8. :\<1rncl_,. l li r (';i]og<' rn 111r'< irl !: ;i s i111ir;11C' propcrLies cind due to t h a t 
nO\'l.'C"H.ln.\ ':-; tlii :-; i:-; illl i1llJH1 :! .111 ' :..; ,, · :..; 11 ' 1ri i11 rn;1 1henH1Lical phyf:lics. On Lh0 

o l l 1•1 ha 1:1 I p1 "i ' ·rt 1v1· ·' " '" 1 ., !,., ,.,. ;i :so int, . , cst.i ng p roµ crt.ir:s D11r I <l I IH' 
l;icl I .::it I IJ1•1 ;11 ,. 11 1.i x1111'1 h ''.\ Ill: ::1 ·t r: 1· SJl" ""' it is important lo r01 1s 1d1·1 
p l1vsw . il ·\·s t 1· 111·· l !ll 1!Jf':-.1 ... p.i r <'~- l · n:1lrl1i.::c1t.c ly these h\-o hrnnchr •:-i nf 

11 1;1' I H· 11i.i11 r , 1! 1111 , ..,11....,, 111( i t"-i< ( i : :ncc"r·cl11ow C'nn1 p lcxarw1ogs ol ( 1
:ilt1 }', ( 'l t 1 

1111Hl( •] ;11 1· ··cit ..... 111C h·d \\'1· l: .i llil .11 t r•111pls !ci (' •111s: rnct con1pl< 'Xi fi c;1I ir · : ~ 1if 
( 

1

;\ ,l ) ,t,(' J' 11 Jik( !:H id( .:-- J\;l\ 't •: ;·l ....;; .C C !' ('d( ' (l \ "('\ 

Aim of t lte <l issertat iou 

\ f<ti11 goal oft lii s tlwsis iO' Lo const rnct s upcrin tegrnhl1· l',<' 111 •111I 1z11t.ions 
of os1· ill ilt ur ;111rl C:onlornh \\"it 1o an in vc :·sc sq1w.rc pOIC'l lt.lld IJ..vc lo p ll ('W 

fonnalisrn n.rn i ;;t ll(i .1· I he· p:·oJH'i·t irs o f C"onst ruc lcd n11 ir k l•,, \\I,· 1 il ~o locus 
on gC' n crnliz<1tio11s ()11 1\: ii liJcr m anii'oJ rlt; (C'" and (:~>N ) 11f li!•l' iiJ 11t"r w ith 

cn 1 ill verse :::c.i1 l ei.re po: cnt i;1 l 

• D evelop a ho!u 111orpl 1ic f;-ictorizCJ.Lion lorn1iili H111 , w li 1< 11 iH ii <·011vc­
nient. frn.rnc:wnrk for c0n"L~11cti:-:.g ;1nd worki ng wll Ii n1w ill alor n.n ri 
Co nlorn lJ JikC' models namely wit. Ii g t•111•111 Ji z .il.i 1111 •, w 1I 11 1111 inverse 

s quc1rc putc 11 t idl. 

Jut.rnrl1w1 · co ::•plr:x c>;<' lll'i-;il iz<Jlion o f :-> 11111111il i 11 ~ l<I \ \' l11 11• rni: z svs­
l ci: ~ . 1~his i .t...: n gv1H' : ;il iz ir 1tio 11 of" o:-.<·illitl(ll \V II h 1111 111 v1·rsr• squnrc 

potential. \\'c also stud:: t il<' prop('rt i,., " rt ':is systC' 11 i. .\ lso onr is 
to filld its c:or:sta11ts o f lllO lioll <111d soh-v it. 

Introduce a no:,- t.rivi al superintegrniJI <' m"del on n con 1plex-proj ('Ctive 
~pa.cc, m1.lllcly the ctll:i.lognc of llosocl1i1 t :us llludel 011 CO lllplcx pro­
jective spacr: , find : t.s 1'011scrw:d quanl it i<·s . anci 1•xp!ici1, solutions 

• Via presenting the Lechnicp1c of SU(21 l) -S11pcrsunmc1 ric mechanics 
we show that supernurn11 etric rxtc11s iom; of t}:cse systems can be 

constructed. 

Novelty of the works 

Forma lism o r holornorphic i'<tnoriz;u.io 11 is dc\'(' ]Oprd . l l<J loir:nrphic far ­

toriz<tLion is done for TT\V a11 (i !'\Iv' sc·st r n1 s . \\'< · al so s lio\\'C'rl Lir e rrla ­

t.ions hip of const;mts of mt1t .ion f11 11 11rl vi" · Jiis fnnnalisin <rnd I lw rPsnlt 
know n befo re. Sr:vc,ral rrsnlts for osr i:J,,tor «lid ( 'ri::lornh : ik0 111od<·ls ;1r(• 

r0written nsi ;~g this fon1i,1 li~ :~:.l ' c.: i11,u, 1 !i i~ fi1r:. ; 1J i ~ 11i i'tlS JH 'C 1 ra.: : ~ : ndv\; of 

C1il ogPro 11H1d<'l are iou1Hi !ierc ·. 

\1 r111,Y cnH icil :·C's::lt s ;11t fu ·: 1:il 1·.l ' J<· ;1 ] .... l !1 :---:1 1Hn,H li11...;J.: _, \\' :nt t·rnit'I 
inodel. i\ t;; \\'(' kuow <·vt•11 i( Jr H '<ii c ;1 :--t' ... , ll i.' :i· t ry ;iig1·!1n1 lJ ! '-\ 1 HunH i in ~k .' · 

\Vin1.crnitz model was 11cl l \\'rit t 1 · : ~ :11 " t· c111\·r·ni ,•11t lor:1: . ln11·odtJ< :: i1 i11 

of complex version in presence o' ;in t·xt crn <1l nrn g llctic field is also mN­
clty. lvloreover symmetry a lgcbn1 a.nd qnd11t1Jlll ,,;o ]u;ions ior t!:c1 co11ii)lc~ x 

Smorodinsky model is also d one her<' . .<\not lll',- i1npo rtnn t r('s11lt. is 1 he 
deriva.Lio11 of the syrn 111ctry a lgcbrn of gc11C'r;ili zl'd :vTJ (;/,-1\epln sys1l'111. 

A not.her important. novr:ll.'' is t hr. int rn rln ct :on of s11 perinl r:grnhk model 
wiLh a n inverse square p o tent in.Io:: con1 ;Jlcx p:·o jcc: in• space (CC" v - lbsrichat.iu8 
system). Conserved qnamiLies ui.t11is 111 odcl ;111d 1l1 c <1lgclm1 t hcy fon1· is 

also n.n impor t.ant resul t. for llS. :\r'cdless to°''.\' : hat. class ic;Ll and qun.nt.um 
solutions of this model is aJJo1 he r irnpo:·l;rnt r«snlt. 

Altl1ougl1 forma lism o i' Kiililcr snpr,,·uscilLitor ""'' intrnd:in:d lwfurc , 
we gave explicit c:xpressio: :s of Ili c· l<i"il1ll'r ;101,. n: inl. w 1•ich 1;iv<' ,-i ,;r t.o 

the supcrsym mctric gcncrnli?.at ion o f <·ornplt•x ~rnorC'diJJ s k_,. aJJd con1 :itcx 

project ive flo:;ock1t.iu:; n1od<:b. 

.) 
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Practica l value 

f'l o lom orphi c f;:icLorizn.t.imJ forma lis m c;:in b e used Lo investigate oscilla to r­
l i k<' :1.J1d C'olll o i: 1b- li k<' rnu d<' ls . nmuely Lh e gcucral izat i on :·elated t o 
Lbr (;aJ ogr. ro niod!'] . 

Tu c:u11Ci<'nscd :: :al Lc r pliy,- ic.,; 111udcb on co mplex projective space:; 
>t r <' sl. ron g k rC'L1.l.C'•d wi l. 1: ; hr: q 1ia'1l.nm H;i,ll effect . P;i,r t: icnhrly frmr­

rli1::ens io11al ! fol l <' ifr c l cw1 h e n<u tcd with t h e system s in :CiP'3. 

fn I ligh <'1l!' rgy ph,1·s ic.s r 1:('i r ro lr · ca.n nol; h e ovcrestirnittcd. These 
s~·s1r'111s c ;1 11 ht' 1·'r'w<'d a~ :-illlpli :' " d Loy models for fie ld thcorc li rnl 
<'U~1ipl i cc1t ( 'd n1odt·ls ii! l1T~d1 1' ll ( Tgy r csefJ rcl1. ( )u r parti cular cxn n1-

pl<' of C'nl"gl' r<• n1or!, ,l i• :111 <'x:1111:ik o f con fo r:nil l nwcha ni r·s. II 

is \\'<'ll kn<J\\"ll :hn1 ,·,.i1 f,, :--1 11;i l syn1: :1clr1' h as a c ruc ial ro le in rnnd 

('1'11 l1;gJ1 ('JH' r~.~y J(':-.<'<tr~·L. Tii t Ji1 .... C:tJ JJ lcxt supertiy 111 1:icLriz.ritio 11 ol 

1.Ji,·s" SY:'l\'1 11:- i,- <1ls.1 '. n1p,,r l :\l1l. :\]11rcovcr Citl ogc~ro-li k c m oc1"ls '" '' 
s tron g ly r<'l:t l<' ri \\'illi .'\d.'::." /C FT. corresponden ce. For th is flllrpn.•;,· 
-; 11pt'r:-:.\·11i:::('t ric 11 X1 (' Jisiuus <llsu liav< ~ a cruc ia l. p n.tctica,J vr11 11 t>. 

~111(1/1Hli1i:--:k.\· - \\.intr' : ·::i i / ~ .Y:--:'.c111 is a popul ar rnodc•l i'nr tl 1c 1 q 11;1I 

11. 111 ,·c· ~·nd.\· r )r il:t --u l' d!(·d <;11; 11 it 11n1 ri11 g n 11 cl t l 1c :-; l 11ch· <11 i1:--: 

ht·'.~Cl\. ii •1;r i-. <':'\'t ' : i1;.:i 1 1 irl.~ lH ' t:c flf'ld :s qui ( . c~ fl 11 at.11n1l :risk. HP:·q )( '(' ­

Li\'t'l.\ '. c.__~Y_ :-) 111 orod'. 11 sky-\Yinl vr n'.1 z could be v iC\Vt'd ns nn c•11sc 111 bk 

or N q u1n1t m11 r ings i11 t, .. :«1cL in g wi t h exicrn vl 111;i g ndit' fi c l<l. So 
invesl. i gn tio ~' o f it s sc· rnnw lry ~l gchrn is o f Ll10 physirn l impor t. ancc . 

• '.C?/\·- Ttusucli:1t.:11:; " ·'·s t.v1n d ues n o t s pl it in t o a set or N two-dimcnsior1 al 
d Pco up lrcd s.1-s '. "ms. lnsl <'itO . it. C<Ln b e in l0 r pr<' l. r:d <LS describing 
int ern ct iIJg p a rt ir ks wit h a p os il ion-d cpcncir 11I ll Htss in the two­
di~ : H· 11 ~io n1tl q11n11t.1n 11 r ;u gs. 

1. 

C o nten t 

CHAP TER l 

T his chap ter is an int. roduct.i oJJ nnci '"" cJJI rn ciucl' so 111 C' gc· n<'rnl con ­
cept s a rc d iscussed . \ Ve g ivrc a b rif'f (Esc1 1sS:on or ll <c::: ilto :1i;in nwclmn irs. 

V./e d iscuss well known exa m p les o'. 111ax inrn.:ly s up cr in trgra\.J le modds, 
namely t he oscillator and Coulo rnlJ sys t.cms . \\"c d iscuss n wcha nica l mod­
els inter acting w it h an rcxl.crna l m agndi r: fi e ld . nnd i11 t.rod 1H'<' ar: ion a:1gk' 

va riables . Moreover we g iVC' a sl:nr l rcvi"w ,rn l <i:i hlr~r :nani folds and di s­

cuss m;i,ximally symmetric r xa m plcs o f ii , n0 1nf'ly com plex E uclidean a nd 
com plex projective s pa ce,; . A ls CJ a shorL rlcscr '. p t ic 11 1 of :< 11pcrs.vrnmct ric 

mechanics is g iven . 

CHAPTER 2 

T he goal o f thi s ch apter is t u p rese:: t "l1uirnnc1:vlii(' r;ictoriza.lion ' 1o 
I. he s n pcr in l.cgrablc grmcrn 'i za l iow; ol' osc il ::i to r a nd ( '011lo: :1b s.1·st.ems on 

N -d imensional Euclid ea n s pace, opherc '"'d : wo-s lwC' I hvperbu:oirl (p,e11-
dosphere ) . For t hi s p u r;iosf' we paran1<1te :·ize t lw ;iliilSC' s p;m's oi '.!mt. 
system by I.he complex v;:1. : ia bl e 7 = p, -,- r J0.L/r idr' nt.iryong 1.lw .-.L< ii <Ll 
phase s uhspnce wi t. h Lhc !< k in 111rn ie l <J f Lolrn <l1c1·,ky p ln 1ll', ;i n rl Ly Lb ~ 
complex variables 'I.La == ff,;e 1 ~>,, tilli fyi ng d<'l io11-;11i µ,lc \·;tr:ahle~ of the 

m1g11la r µa r t of the sys tems. 
Analyzing these dcfon na t io ns in t~ :· 11 1 s of <w l ion -n 11g lc , ·;1riHlJks1 it W<1S 
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foun·.l thnt 1lwv ;u•· s upcri111;i gr nlJI<' iff the s pher ical par t has the form 

v - ) 2 I . . 
I-= 2 (L k., !,, _;_ cu 

" ' 

(1) 

w1: Ii r·0 J,r a rhit rnn c<J11 s1 ;111 1 ,111.J /:,, 1,.. ml iomil numh••rs So differpnt 
ni,;•:111"r p<HI' .~i,., . dili'1•1 1 11: ,,,, ill;i« ir l:lw ;111rl Coulo rn b-- li kC' models. \ \'c 

fOtn 'i Jl ;1 ' <'. i: . t ltC'S<' IC't'lll' I 1i .. \'(J' >lill'h 111 11101itlll of t. IH' \\'S l C'lllS 11:-irlt•r 
C<'l~s i dr' 1 . ,t i ,n1 ;ind c;1k11L11 <' !li·ci r ;tl~<'l1 r <1 Hcsidr.:-; , we exl f'nd lo th(!Sf' 

s1·si<' rn >' ·Jt r known (•,,ci :l:i 1<>r-( ·, mln 11 tli d ::<Llil ? 1.rausforrrn:ilion. 
~- l w Tn·1111J:,-,--Tu:·l"1 wr-\ \· ,,, 1l' lli1,. ~ TT\•V) sYstcrn . in vc;nt.cd "· i'l'w ye" rs 

ago. j,, " pi'lr l i\'lilai """'' ., f · Jw ( ':il ng<·:·o-oscillat or :;;_vsl.<'111 . 11 is defin ed 
1,_,. t i1r JJ,,rnil1 e<ni: 111 of l\\'fl-di 11 H'llsinnal oscillator , with the angular part 
ll' :il;1l 't' ti In·" l 'iis1·l 11-Tcll, ·r systc1 11 u11 circle ·: .l\ lt lwugl1 the TTvV a11d P\i\I 
~ys t P D1S ... 1 r 0 !'Flrl ic1d:1,r c;1:-;1 ' s l) : t.l1l) C' a l ogc ~ ro- type n1odels i i;h0.y conLin11f! 

t.o atlrac : (' !l ll ngh i11lercst d11c· 10 1.l1C'i r si 111µli city. In part icular, a couple 
or _\·1 ·;_1.r~ ago. l t, \V(l:-:; ::;uggt'stl'd ; i specif ic 1Tpret;e 11 tot ion for t li c co11sit111ts 
of rnnt.i••:; of 1 lw TT\\' «lt(l P\V ,_,·s tems '. in cl;;.d ing those on sphere nm! 
h1·1,.•rJ,., :o id ; c;i il<'d n '' liulo11t« rphi c· i·;i.c t o:-i?.ation ". co,·,scrved q1rnnt i1 ics 
11rt' 'llT.'!'ll ' \'d ;11H i ; I](' '-i _Y11i1 1!('i : · ,· ;.il µ:('brri c· i:l1! CJ.ltio be c o111p11l.cd. 

:--lo Ti1 1\\' \\'i ' \\·; ]J hr it ·fl.\· Jll'f' .'i) '::i --=n :: :• ' r<'~1 ilts \VP hn vr. found 11si11 g !~;is 

furn 11.li'111 . llolo111 ,,rpl1ic ,-,,,-j,,l ,I<"' .,-, !l'_,. tlir i'ollowiug Pobso n hrackC'i" 

{L'.Z} 
1(Z - 7, )2 

2..;2f 

1( 7, - 7, ) 
' () ' { z. 'I! ,,} ~ - u,,._ ,, 2-./TI 

{ na: 'il1J} = - u5.,11 ~ 

i(/, - Z) 
{Z . 11.,,} =iLrl,. 

2
.J'il 

(2) 

(3) 

\\·lwrc q 1 = SL,( t ; = 0 ~1172 L .F'or co1 1forl!1al 111cc l1;111i cli H n - ~ +~ vveca11 
0 . , /. 1 

\Vri l<' cn11s<'f\ 'c~d r; 11a11i'.fi('~ 

i 7,, ,,\ ' 'H,,) - I) i IT {. \ .J2I} I. (!) ) 

\\-'.ic ·f' \ is · Jir· .i rigle- likc• Yil:·i.i hlf'. 1 ·f i 11j·i.L~i l\f' \\·ith ,/2£ 
i:,·id1· : ~th. i! .... n·(il p; 1ri i...: JL,· r; i· io CJ! ! l;i :::ilt.011ifl1111nd its c1n gnlar ;)r1r1 

anu C:o1•--; 11 01 cn1i 1 c1 in ;u1.\ Ilt'\\" c1 ~ ;i.--= · ;1111 c d inot.ion . ·\ e \ ·<· r t he> less . s11ch a 

cc..1:: pJr>y rcpr< 1 :--i <'l11.1licJ)i .--:t' <'lli:--: 111 :H' i1~;{ 1 :·1iJ JJOI 0 1iJ .\ · f~-O lll au i.lf'Sthcticn J 

\·i1 ' \\.jJ1Jlll1. 111 1: ; d-..11 f"()r ilH· ( ·1ir:-..: · r1H ll1Jll c1: s1 1; J l'f ~\· 11 111H• 1ric ('X\c 11~l ons . 

Kote that we can write down the hidden symmetry generators for the 
conformal mechanics, modified by the oscillator and Coulomb potentials 
as well. The Hamiltonian of the N -dimensional oscillator and its hidden 
symmetry generators look as follows: 

w2r2 
1iosc = 1io + - 2- ' Mose = z2 _ 2w 11_2ma 

( 
2I )"" 

a (Z - Z)2 a ' 
(5) 

The Hamiltonian and hidden symmetry of the Coulomb problem are de­
fined by 

where 

'Y 
1icoul = 1io - .,jT' 

na 
ka = ma 

t'-y 'Uma 
)

na 

M~oul = ( Z -
2
../f 0 (6) 

ma, na EN. (7) 

So, we extended the method of "holomorphic factorization" initially 
developed for the two-dimensional oscillator and Coulomb system, to the 
supcrintcgrablc genernliza.ti01rn of Coulomb and oscillator systems in any 
dimension. For this purpose we parameterized the angular parts of these 
systems by action-angle variables. To our surprise , we were able to get, in 
these general tenm;, the 8pnmetry algebra of these 8ystems. Notice, that 
above formulae hold not only on the Euclidean spaces , but for the more 
general one, if we choose I be the system with a phase space different. 
from T.sN - i_ 

We dC'.scribc oscillator Coulomb corre.spondence in terms complex vari­
ables introduced here. We will use "untilded" notation for the description 
of oscillator, and the "tilded" notation for the description of Coulomb 
system. 

_ i(Z-Zlz, 
Z= >....fl 

- I 
I = -4' 

},_ = 2A 

Moreover we have considered spherical and pseudospherical deformations 
of these systems an<l found conserved quantities for above mentioned mod­
els on these curved spaces using the so called 11;-deformation formalism. 
Holomorphic variable has the following form 

Z= MPx + i../f 
,/2 T"' ' 

(8) 
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Moreover deformed symmetry algebra is also found . 
Examples of the spherical parts a.re also discussed, namely for 

1 . 
I = ?,JN , 

Ja- 1 . - 2 + , 
Ju - Pa- 1 ~in2 ku -lOa- 1 a= 1, ... N - 1 (9) 

and 
1 F. P.2 .9~+1 Fa-1 

I= -2 Fn-1, "'= ea+ - 20 + ~O 
COS u. SUl a 

(10) 

We have found Ua 

be easily used. 
for these systems, so the holomorphic description can 

CHAPTER 3 

The one-dimensional singular oscillator is a textbook example of a sys­
tem which is exactly solvable both on classical and quantum levels .The 
sum of its N copies, i.e . N-dimensional singular isotropic oscillator is, 
obviously, exactly solvable as well. It. is given by the Hamiltonian 

N 

FI = Lh pf gl w2 xf 
I; = 2 + 2x2 + -2- ' (11) 

i=l ' 

It is not obvious that in addition to Liouville Integrals I i this system pos­
sesses supplementary series of constants of motion, and is respectively, 
maximally superintegrable, i.e. possesses 2N - 1 functionally indepen­
dent constants of motion. All these constants of motion are of the second 
order on momenta. 
sky and Wintcrnitz. 

It seems that this was first noticed by Srnorodin­
For this reason this model is some! imes called 
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Smorodinsky-Winternitz system and we will use this name as well. No­
tice also that Smorodinsky-Winternitz system is a simplest case of the 
generalized Calogero model(with oscillator potential) associated with an 
arbitrary Coxeter root system. Thus, one hopes that observations done 
in this simple model could be somehow extended to the Calogero models. 
There is a well-known superintegrable generalization of the oscillator to 
sphere, which is known as Higgs oscillator. 

About fifty years ago it was noticed that this system possesses addi­
tional set of constants of motion given by the expressions 

gfx] g'fxl 
J,i = L;.iLii - - -2 - - - 2-, 

X; Xj 
{l;j,H} = 0, (12) 

where L;j arc the generators of SO(N) algebra. 
The generators l;j provides additional N - 1 functionally independent 

constants of motions and so t his system is maximally superintegrable. 
These generators define highly uonlincar symmetry algebra, 

{I; , Ijk} = Oijsik -O;kSij, {Iij, ht}= OjkTijl +o;kTjkl -'5jtTikl - 0;1Tijk 

(13) 
where 

2 • I 2 2 2 2 o w
2 

2 2 2 2 S = - lG(IJI . -r I g · -- lg · T -I · -- g· g ·w ) fJ i J lJ 1. ) ) t 4 t) . t. J ( J.1) 

T;~k = -lG(l;Jlikfa + g~I"fi + gjI°fk + g'f Ijk - 4gfgjg~)- (15) 

The generators S'fi and Ti~k are of the sixth-order in momenta and an­
tisymmetric over i,j, k indices. The above symmetry algebra could be 
written in a compact form if we redefine the generators. Quantum­
rnechauically the maximal superintegrability is reflected in the dependence 
of its energy spectrum on 1 he single,"principal" quantum number only. 

:Vforeover we consider simple generalization of the Smorodinsky-Winternitz 
system interacting witli constant magnetic field. It is defined on the N­
dimcnsional complex Euclidian space parameterized by the coordinates 
z" by the Hamiltonian 

N ( 2 ) - 9a 2 a-a 'H. = '°"" 7ra7ra + - - +w Z Z , 6 zuzu 
a. = l 

{na , zb} = Oab, {7ra, rrb} = iBoab 

(16) 
The (complex) momenta 7ra have nonzero Poisson brackets due to the 
presence of magnetic field with magnitude B . We will refer this model as 
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ICN -Smorodinsky-Winternitz system.It can be interpreted as a sum of N 
two-dimcnsiollal singular osciHa.tors interacting with constant magnetic 
field perpendicular to the plane. For sure, in the absence of magnetic 
field this model could be easily reduced to the conventional Smorodinsky­
Wintcrnitz model, but the presence of rnagnet ic field could have no11trivial 
impact which is studied in this chapter. So, our main goal is to inves­
tigate the whole symmetry algebra of this system. Set of hidden con­
stants of motion defined in complete analogy with those of conventional 
Smorodinsky-Winternitz system: 

Ia& = Lar,Lba + (g~<zb + 9izaza) 
za za zbzb l 

{I"b' H} = 0, a =f b (17) 

with Lar, being generators of SU(N) algebra. Also symmetry algebra is 
computed in this chapter, which has more complicated form, but after 
redefinition it will have the similar form to the symmetry algebra of the 
real Smorodinsky-Winternit7. model with redefined symmetry generators. 

Let us briefly discuss the number of conserved quantities. We have N 
real functionally independent constants of motion (Ia)· Moreover let us 
mention that Ia1, is also real, and although it has N(N -1)/2 components, 
the number of functionally independent constants -of motion is N - 1. 

In additiou to t h is,· the complex system bas N real couserved t;uautities 
(Laa). So the total number of constants of motion is 3N - 1 cind it is 
superintegrable (but not maximally superintegrnble). Especially if N = 1 
the system is integrnble. For N = 2 the system is superiutegrable, but it 
has only one additional constant of motion (minimally supcrintcgrablc). 

Quantization will .be done using the fact that ICN -Smorodinsky-Winternitz 
system is a sum of two dimensional singular oscillators . This allows to 
write the wave function as a product of N wave functions and t.otal energy 
of the system as a sum of the energies of its subsystems. So the initial 
problem reduces to two-dimensional one. After solving the Schrodinger 
equation one can find the energy spectrum and wavefunction of this sys­
tem. The wavefunction contains a hypergeometric function. As it was 
mentioned in contrast to the real case it depends on N + 1 quantum 
numbers, namely n and 111" 

~B2 N 

Etnt = LEna"T"' = hyw· -t- 4(2n+N+L 
u=l a=l 

N 
2 4g~) Eli~ 

m" + fi2 +2 L_, ma, 
a=l 

(18) 
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Since CN-Smorodinsky-Winternitz system has manifest U(l) invari­
ance, we could apply its rc'Spcctivc reduction procedure related with first 
Hopf map 5 3 

/ 5 1 = 5 2
, which is known as Knstaanheimo-Stiefel transfor­

mation, for the particular case of N = 2. Such a reduction was performed 
decade ago a11d wos found to be resulted in the so-cc1.llcd "generalized 
MICZ-Kepler problem" suggested by l'l!ardoyan a bit earlier. However 
the initial system was considered, it was not specified by the presence of 
constant magnetic field, furthermore, the symmetry algebra of the reduced 
system was not obtained there. Hence, it is at least deductive to perform 
Kustaanheimo-Stiefel transformation to the C2 -Smorodinsky-\Vinternitz 
system with constaut magnetic field in order to find its impact (appearing 
in the initial system) in the resulting one. Furthermore, it is natural way 
to find the constants of motion of the "generalized MICZ-Kepler system" 
and construct their algebra. 

For this purpose we have to choose six independent functions of inilial 
phase space variables which commute with that generators, 

ZO"k'Tr + ifa-kz 

Pk= 2zz qk = ZO"kZ, k= l, 2, 3 (19) 

where <Tk are standard 2 x 2 Pauli m11.trices. Matrix indiCI"$ 11.re dropped 
here. Tbs transformation is called Kust.aanhcimo-Sticfel transfornrn­
t ion .Tu gei tl1e C'.oulu111b-l ike systern we fix the c11crgy surface or re­
duced Hamiltonian, Hsw - Esw = 0 and divide it on 2!qi. Then we 
get the expression, which defines the Hamiltonian of "generalized MICZ­
Kepler problem". Hence, we transformed the energy surface of the reduced 
C2-Smorodinsky-Winternit7. Hamiltonian to those of (three-dimensional) 
"Generalized MICZ-Kepler system". Additionally it has an inverse square 
potential and this system ha.8 an interaction with a Dirac monopole mag­
netic field which affects the symplectic structure. 

2 2 
P2 s 91 -'-+ -'- ' 1igMICZ = 2 2lq/2 ' lq/( /q/ + q3) 

g~ 'Y 
lql(/ql - q3) - fq[ (20) 

Surprisingly, tlie reduced system cont<tins interaction with Dirac monopole 
field only, i.e. the constant magnetic field in the original system does not 
contribute in the reduced one. All dependence on B is hidden in s and -y, 
which arc fixed, so the reduced systein docs not depend on B explicitly. 
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One can also perform the reduction for conserved quantities and we can 

find that 

Ii-h B 1 I=-?-+ -(L22 - Lu), .C = ;;(L22 - Lu), :J = li2, (21) 
- 4 -

where non-calligrnphic let.t.ers are the symmetry generators of the initiftl 
C 2 -Smorodinsky-Winternitz model. Using this relationship we also found 
the symmetry algebra of' the gencrnl ized-lVfTC/\-Keplcr system. The only 

non-7.ero commutator is the following one 

{I, .:J} = S (22) 

where 

S 2 = 21-lgMICZ [4( J + ~ (.c2 -s2
) )

2 

- ( 4g~ + (.C+s)
2

) ( 4gi +(.C-s)
2

)) 

(4g~+(.C+s) 2)(I+•Y-(4gi+(.C-s)2)(I-1f 
-4(.:l+~(.C2 -s2l)(I-1)(I+1) (23) 

CHAPTER 4 

The maximally superintegrable spherical counterpart of the Smorodinsky­
\i\Tinternitz system is defined by the Hamiltonian suggested by Rosochatius 
in 1877. lL is a particular case of the int.cgrnblc systems obtained by re­
stricting the free particle and oscillator systems to a sphere . It was studied 
by many authon; from different viewpoints, including its re-invention as a 
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superintegrable spherical generalization of Smorodinsky-Winternitz sys­
tem . Rosochatius model, as well as its hybrid with the \"cumann model, 
attract a stable interest for years due to their relevance to a wide cir­
cle of physical and mathematical problems. Recently, the Rosochatius­
Neuma.1m systclll was encountered, while studying strings, extreme black 
hole geodesics and Klein-Gordon equation in curved backgrounds. 
In this chapter we propose a superintegrable generalization of Rosochatius 
(and Smorodinsky-Winternitz) system on the complex projective space 
CIP'N . It is defined by the Hamiltonian 

_ (rrir) + (zrr)(ziT) 2 _ 2 LN w~ 2 LN 2 
1-1.Ros=(l+zz) 2 +ro(l+zz)(wo+ - _-) - r 0 w; , 

r zaza 
0 a=l i = O 

(24) 
and by the Poisson brackets providing the interaction with a constant 
magnetic field of the magnitude B 

b b - -b -ii - 2 ( c5ab za zb ) 
{rra,z }=c5a, {rra,z }=oa;, {rr,.,rrb}='1Bro l+zz- (l+zz) 2 · 

(25) 
We will call it Cli"N -R.osochatius system. Rescaling the coordinates and 
momenta. as r~z"- --> z" , 7r" /ro --> 7ru a:J<l takinf~ the limit ro --> oo, "-'u --> 0 
with r6wa = 9a kept, finite, we arrive at the CN-Smorodinsky-\Vinternit7. 
system discussed in the previous chapter. The model has N manifest 
(kinema.tical) U(l) symmetries with the generators and hidden symme­
tries with the second-order generators l;j = (loa , lab) defined a.5 

- 2 a - a w~ 
Ioa = .Toa.Toa+ WoZ z + -_-, zaza 

2 zb.zb 2 z" za 
lab = Jab•ha +Wu --- + Wb - b - b · zaza· z z 

(26) 
For sure, the symmetry algebra written above can be found by a di­

rect ca.lculation of the Poisson brackets between the symmetry gern;ra­
tors. · However, there is a more elegant and simple way to construct it. 
Namely, one has to consider the symmetry algebra of icN+1-Smorodinsky­
\Vinternitz system (Part HT) with vanishing ma.gnetic field, and to reduce 
it, by action of the generators i(p;u' -p,u'), uiiii , to the symmetry algebra 
of ICIP'N -R.osochatius system. 

As was a lready noticed, the §N _Rosochatius system is maximally su­
perintegrable, i .e. it has 2N -1 fnnc t.ionally independent constants of mo­
tion. On the other hand the ICJ!>N -Rosochatius system has 2N - 1 + N = 
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3N - 1 functionally independenfr, integrals. Hence, it lacks N integrals 
needed for the ma.ximal i;uperin1lccgrability. This situation is similar to 
the Smorodinsky-Winternit7. sys1irem, which is not surprising since it is 
the fiat limit of the Rosochatius model. We present the Hamiltonian in 
these coordinates and the angulaur part has the form of the Piischl-Teller 
pot,ential. Now we have the sphe'lrical coordinates and in this coordinate 
system separations of variables ean be done. After this we write classi­
cal solutions and wavefunction a:md the energy spectrum. It is worth to 
mention that the wavefunction is; written in terms of the hypergeometric 
function , like for the Smorodinsk:y-Winternitz system. As was expected 
the energy spect rum depends on 'N + 1 quantum numbers. 

CHAPTER 5 

X ow we want to construct N ' = 4 supersymmetric generali7.ations of 
c N -Smorodinsky-Winternitz and CIP'N -Rosochatius systems. As was men­
t ioned U(l) invariant structure @f these models allowed us to introduce 
an external constant magnetic fie-Id without violating the symmetries of 
the init ial system. So for supers:;;pmmetric extensions of these models we 
want to keep this interaction. 

We define the supercharges amd the symplectic structure of the SU (211)­
Superoscillator in the following falfrm 

Q 0 = ei"/2 cos >..S" + e - iv/2 sin Ar:0-Y8~ 

{rraj} = b~ , {rra , 77~} = - [~c 7Jco, 

{rra, nu} = i(B9u:i, + iRai£cJ1{ "' ij~ ), 
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{, a" - b } = ab 15 0. T/ : 7),9 g fJ . 

(27) 

(28) 

where 

8 " == r,0 1/° a + 1.w8u r,-c"' 6 ·ij'fj (:ZD) 

C'OS 2,\ = B 
)4 1,,_,I~-'- 112' 

sin 2,\ = _ 21""1 
v 4iwl2 ..j_ !32 . 

w= Jw !e"' ;:Hl) 

,'\ow "'"can presl'nt the supcrsnmnc; ic a lge li rn Sl/ (211) 

{Q" .Q/3 } = 0. 
(31 ) 

{Q" Qn} = o.'.; Hu.' " v1lw12 + B2 'R~ 

{Q", Q,;} = 0. 

{Qa , 'R~ } == ""Qf:J , i ·eo a - i u_,, -;-20-, • 

{ Q'', 7-lu<c} == i/Jw/2 + ~2 
Q" {R~ . 7-loso} == 0 

{Re, RJ} = ibJRt - ib'tR} . 
where R-charges and t he Ham iltonian are as follows 

R/:x uo: - b 't 6 u a ~1 - b 
r; = ig,,r,r/ 1)(3 - 2 (j 9ab1J 1J, 

v " "( · 1 ,2 " f ( ·) [ .·) I [, "n b en d 
TL n.<;r':::::: _(/ l:n. T.b -r- 1 ~' i On ( b \ - § l .abcrt l] 1Jn. 'l/ 1/.B 

C)2) 

1:n ) 

(:l~ ) 

(.1.i ) 

i K a.o b 'l - }( u bo. B a cr - b ( •uo\ + 2w «;b7) 1)°' + 2w «;b 7Ja 1/ + 2ig"r, ·1) 170 , ·><l / 

Let us remind tliat Kiihler potentia l is defin ed up to (anti-)holornor;.ihic 
hm ct,ion , rn t ha l. t he above s 11;ieresymmcl.rizal. ion involves, no!. n s i: :glC' 
Hamilton;an , but a fa111ily of Ham il: onia,::s parnmelC'rizcd by arbitra ry 
holo111or;.ih ic fu11 ct ion. :<o\\· WP present I\ iihl('r superoscillator for ll ie :C N -
Smorod insk,v-Wi nl.ernil.7, sysl.cm . \ .Ve define ii. h.\' I.he Kii.hler po l.en l.i a l 

1, - Yu J a 9a ] . a 
1 == zz -L - og z + --::-- og z . 

w w (:l7; 

Tn that. case the fl a.lllil to:1 ian decou ple~ t.o Ll 1(1 surn of N Wcdk snpcrsy111-
nwl.ric c :-Smororii nsh ·- \ Vin t.r rn i l z s_, -.-i.crn s . On U11' other hand !(;ih :er 
po tent ial 

.v 

f\~ = log( l - .:z ) - ~ L (!.Vn l<1g :: 11 
-- ~· . , l og ;:. 11 

} . 

.A) ! II ' 

I I 

N 

.,.1..,' == GiJa+ 2= !.LJ,, . (:l 8) 



g;cneri.ltes supcrsv m metric extension for tlw c::ll·" 

In Conclusion the ma'.11 res ults ;arc d iscussed. 
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Uu1jm1jmui 

· L..hp!J.U1Jlll9iJ.lllo I:: hnpuinp:ji :jilll!J.umppqlllgpwjp :jinptilll!PqtiF Uiu :jinptlw1pqti[! 
rumJL bnwUiu hlj_U1plllqph1 4m1nh liougpulllmnr hUitiw!J.Uipqhpf1 l1ntiu11bpu 
ipmjm]ulll!J.lllhhhpji. hhptlmotilllh tlJ12ngm[: 

• Ul\qpnLtitlhhp phhwp!J.ht hhp UlJU u]ubtilllh TIW Lt PWhUit[wlj_LUpqtpp 
hlllUUlp, tu]hmhtUJlt ghijhwhplllgpbtpwpil.p )_wt)rnIJ.w!J.whmiaimh nLLi hgn11 
hmtlw!J.mpqhpp hmtimp: 

· T.fwUJwynl_bt I:: oug]1urnUJnp-4nqnu nhl}TlLlj_gpwh oqUJlllqnpoh1ni{ hn1m[np:ji 
'.fm1 l1mnp pqtug]m1iJi. :jinptf lll!Pq tir: 

·i2UUU1plj_il_ht bu UlJU hWUUllj_wpqbpp rul}l1UlU]1Wgnu'fuhpf1 ljnpwgwo 
mwpwcrmraimhuhpp hwtirnp, timuuLUi{n ptulljhu u:jihpplj Lt tjmltrp1u:jibpp l] 
qhlljphp11 : 

• '1pmlllp44_ht bu npnz unLu[hpphtnhqpi{nq htutlwl]mpqhpp opphwljhhp 
oqtnmqnpllhtniJ. lllJU :jinptimltiqti11: 

· -12lihwpl[ L[hL l: plllqtiw)_mtj1 ppm!J.mli Utinpnr1[1u4uj1-'-lji.htn hphpg lumf u1 l1wpqf1 
Lt umwgi{bt l: uptlhtnp]1wip hmhptuhwzJiY.r wiu hwtilll4Ulpq]1 htmiwp : 

· L..hp timotj_ ht t U LinpnIJ.hpljuji.-<lptnn hpupg hwtiw!J.lll[lq]i ljnLiuJLbpu hwuu1pdhp 
hUllilll!J.Ulpq , hhp!J.mJlllgi{ht tljlllhUJlllhil_n11 tlhllnqaJmhuhpg, ]1h)_UJ hu 
hlllli hplllhg lj_Ulqtluio uji.tlhmppwiti hlllhplllhlllzji.tj_g: 

• .Phhlllp!J.iJ.ht l::wiu htUtlUl!J.Ulpq]-i.pi{Ulutnwgmtl[!, umUigi{ht hh wUipwjph 
:jimh!J.gpwh Ii l::hhpqpllljp UUJ.bl.J.tnp[!: 

· Umlllgi{uio lllPIJ:JnLhph bpl1 oqhnLf.3JU1tip hwzi{iJ.hL I:: [!hqhmhpwgi{wll Uf'lf5-
4hUJ.1hp hwtiUl!J.Ulpqp uptlmpplllJP hrnupwhwzPY.I!: 

· L..hptimoi{ht I:: flnunjullltnpnrn hllltiw!J.wpq[! !J.miUJ.1hpu UJpn1b!J.mptj_ 
tnmplllomraimuh hpji. i]_pw, hbp l]utJlllgt[ht hh zmp.d-umh )thlll bqpwthhp f1 , 
uptfhtnppwiti hlllupmhwztiiJ.11: 

lmobLntJ. 2.uttin1mnh-8tul1nppp h u1i{wuwpnu'fu hp 11 umwgi{ht hti qurnwl1wh 
1mlln ufu hp[!: 
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.f!uuUtp 4 tj_ ht t 4nuui1h12u u1pn]bl[U1]:itl O:nun]utuu1 ji.nLu hu1uU14U1pq]1 J:lllU1hum1gnuf Q, 

qpt[hL t Gpnri[1bqhp ji. hwtj_tuuwpmtf Q u utnUtgtj_ hLhu tulJipm1ji.u :jinLhl1gji.wubpQ 

m thhpqji.Ut]ji. uu(hlJ.U1pJ:!: 

L.,4mpwqpt[mo t N=4 pmJL UIDuqtpuji.t.futnp)i.4 tlh]um\Jji.lj mb 4t1tr1m\J 

U1mpmomp1mtttitrr 1l.J1w: 

.f2 \Jl1 mplj l[ hL t SU(2 \ 1) lmUI}UJllD.Lji. tuhqji.p ~ UlJUilLh tU1lt UmUj tpuji.t.fuU1p r lj 
SU(2\1) Y:t1tp1wu ougpUU!Ulllll pJ:!: 

U]U unU1tguwu tf\12ngnl]_ ljmEmg11_t1 th qnuui1tpu Uunpnqphuljp -'-lp\JU1tpb )1g 
lt ljmfu11hpu u1pn1n1.Jtnj1.'1_ f}mmltiruU1]mw hruuruqwpqhpp unnqtpuj1tlhtnpplj 

J:!UI}hwhpwgnufu hp: 
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Pe310Me 

• npe,11CTaBJieH cjJopMa.IIH3M rOjJQ~IOpqmot\ cj:iaKTOpIBaI.urn. 3TOT cjJOpMaJIH31'! 

uo3BOJLHeT na"·! onlichmaTb CHCTeMhl K yJ101m H ucuHJIJim·opa uocpe;J.CTBUM 

TmC,l\CTllH! KOMTT.ITCKC.Tlh!X rrcpeMcnm,rx . 

• C tta<ra.:ra "·:hr o6cy)J{l\aJm 3TY cxeMy /PH CHCTeM TT\V H P\V, a 3ilTe": 

o606ll\a.Jlll iJ.JI5l MllOl'OMepHblX CHCTCM. 

• Pc~K:.(MH OCUHJ!JIHTOpa-Ky;rnn a fa,ura. Bhl110.'.ll!Cll a. c HCilQ,Tu30Il3 TH!C" r 

<j)Oj)Mil.,'ITB1'!il ro.i!OMop¢norr cj:iaKTOpV!3ilT\Hlf . 

• 06cy)J{,11a.JII1Cb o6o6memrn: 3THX CHCTeM ;mn HCKpHBJIC!iHblX npocTpa.HCTB , 

B ' !aCT!IOCTH, c<jJcpH'!CCKHC H JICCB.il;OCqJOpH'TCCKHC CJIY'liJ.li . 

• Pac.nmTp1ma.;mcr, TICKOTopi,rc rrpH"wpr,r ryrrcpnnTcrpHpycMhTX ('.HCTc:. ; 

c HCIJ0,1b30Bal!VrCM ¢opMa.l:H3Ma rOJI0~ 10pC,'mo j.j ¢ aKTOj)H3aW·!7'. 

• OGcy )Ki ia;rru::b r;cu1ecTBeHHM ! M 1r oro~·:cpna>1 cHcTe~ia CMopo;\MJ1cK01·0-

BruITc;:>cm11\a n 6br.;i a n ony•1 cl!il a.;irc6pa c ;nnrcTpm·r ; 1,m 1 3Toii CHCTC>!bL 

• h hl.'1 m1<';w rrr1, Ko1 r:r 1C'KC1>ri1 a rra. • o:-- <r l<'Tte , rhr C"o po::,z nrKoro -BnttT<'prmr1,rc, 

BBe~· ~cll bI roxpa: : r. 1011 ~1 Ii·ic1 !3 u ; 11 !'I JI H br H 00pa.: ~~ · :ouu1 i ·i r:r: ct.,; ::·eGpa C'Z:\:~ :eTp 1 11 1. 

• OGcy)Kµ.<LC :=!o K!.H:.UITOBa11Hc 3 To;i. cv.cTcl\ ~ L11 , 1 10~· 1y •: <' Jtii1 BOj H toua.H G).VJI K;: tt H 

H 1neprcT11<recKHM crrewrp. 

• Bhwa Bbl<rHc."leHa a..rrre6pa CHMeTpaa o6o6rn.cm m ti cucTeMbl MHKn­
Kerniep. 

• CHCTC)tICl PocoxaTvryc 6r.rJia r.nc;lCHf1. n KO~~n.rrcKcnor-.. i npocKTTinTTo~: 

npOCTpanCTBC, 6H; m npC,.'\CT<tBJTCHbl muerpa..ribl ;\BJ-I)J{el!H5I , a;rrc6p a 

CHM,·JC7]Jl1H . 

• PcmaH ypa.mrcmm f a1JOJl:TOna-51Kofor 6b1,l:11 TIOJ"I)"lCIIhl Kna.cc1PrccK11c 

JWTTIC'Tnrn . 

• 06cy)K,11a.;rocr, KBilllTOJJarrnc CTTCTCMhI. rro."ly~ienbI p ernemrn yparmcmrn 

TT! pc; ;1111n;p ;i. :10J1110BhJC cj1y 1 r KI \HH H 311cpt'cTw 1ccK 11 j:1 cncKTj) . 

• Orrm:a11;1 c.;aflr1>1 :'\ 11 cy rr<'pc·1n 1' r<'Tflll'THilr. "rcxa 1mKa B KP~'l .:irpOBhtX 

npocTpilrtCTB<l X. 
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• Cria'Ia"-ia o6cy/K;UJJI<1Cb STJ (2 1]) 3a/J,a•ra "lc1.rr;w,y. a >aTCM cyncpCH~!:11cTpwrn1>Ji -, 
SU (2\ 1) ocri,rur! tHTOp T<c:r:wpa.. 

• BJ-raro;i;apH TaK0:11y no;i;xo;i;y ·6hL-:11 nocrpocHhl cynepc11:1n1cTpncmbrc 

o6o6ui,CIIH5l KO~!llJ!CKCa.l!OM CYEiCTC:llbl (}\Iopo;i;mtCKoro-Dr·!llTCpllL\8 M KO:l!l1,"JCKCl !Oi~ 
npOKCKTrmi;o}r c;:cTe~!bI PocID1xaTnyca. 
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